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Abstract 


To achieve economy in stating the Sanskrit grammar rules for gener- 
ating conjugal sounds of any two vowels (called achsandhi), Panini 
adopted various techniques that are parallel to some of the modern 
mathematical techniques. In this article, we describe various artifacts 
of Panini and demonstrate how Panini built the achsandhi-matrix and 
how his methods resemble the modern mathematical language of alge- 


bra. 


1 Introduction 


Panini’s intention behind authoring STS8T ear (ashTAdhyAyl) was to preserve 


Vedas and the usages of Sanskrit, especially the spoken forms available till 


his date (before 500 BC). He aimed to state the grammar rules economi- 
cally avoiding repetition. In doing so, Panini [1] introduced quite a few struc- 
tures and operations that can be compared with some well-known and widely 
used modern mathematical structures such as, sets, sequences, sequence of 
sequences, equivalent relations, equivalent classes, and actions of a set on an- 
other set, etc. Panini could envision these techniques centuries before the con- 
ception of modern mathematics. In this article, we took the approach of ex- 
pressing Panini’s methods in current mathematical language to establish these 


parallels. 


In this article, we will present the required material related to the Sanskrit 
grammar from Panini’s ashTAdhyAyI [1], [5]. After presenting the mathe- 
matical tools required, we will model the material in modern mathematical 
terms. In doing so, we will be switching between Sanskrit grammar rules and 


mathematical topics to make the comparisons clear. 


Bhate [2] can be of great help in understanding the structure and organization 
of the content of ashTAdhyAylI. A detailed explanation of any Panini’s sUtra 


(rule) quoted in this article is available in [1], [5]. 


We mark important points by naming them as P1, P2, P3 etc and sUtras by 


S1, $2, S3, throughout the article. 


Throughout this article, every Panini’s sUtra is followed by its reference. For 
example, Bedwant: (1-2-29). The reference (1-2-29) tells us that it is the 


29th sUtra from the second section of the first chapter. 


2 Mathematical Background - Sequences and Sets 


Some mantras from the early Vedic period (before 2000 BC) invoke pow- 
ers of ten from a hundred up to a trillion and provide evidence of the use of 
arithmetic operations such as addition, subtraction, multiplication, fractions 
etc. Thus, the concept of a numerical sequence was known to Panini. In 
fact, Panini generalized the idea of a numerical sequence and developed the 


concept of sequence of letters of Sanskrit. 


The modern-day ”sequence” and set” in algebra emerged out of many step- 


wise discoveries in the western mathematical world. 


e Fibonacci introduced numerical sequences to the modern mathematics 


in 1202 AD. 


¢ Set theory was founded and established by Georg Cantor in 1874 AD 


In algebra text books, we can find the formal definitions of the above. 


Sequence - A sequence is an enumerated collection of objects in which rep- 


etitions are allowed. 


A finite sequence is denoted by (a1, dg, ...... a,,) where n is a finite number. 
Note that we are using the parenthesis () to denote a sequence. For example, 


(1, 2,4, 6,2), (P, A, N, I, N, 1), GR, A, M) are sequences. 


Each a; for2 = 1,...,n is called an element (or member or term) of 
the sequence and n, the number of elements is called the length of the se- 
quence. The same elements can appear multiple times at different positions 


in a sequence, and order of the elements can not be changed. In a sequence 


the enumeration allows us to identify each element specifically. 


Set - Naively, a set is supposed to be a collection of ‘things’ or ’objects’ de- 
scribed by ‘listing’ them or prescribing them by a ‘rule’ or property’. Note that 
this is not a terribly precise description, but will be adequate for most of our 


purposes. 


We use the parenthesis {} to denote a set. For example, {P, A, N, I}, { 1, 2, 


4, 6 } are sets. 


We can also say that a set is an unordered list of different things. If a thing 


belongs to a set, we call the thing ”an element of the set”. 


Unlike in a sequence, the elements of a set do not have any particular order 


and elements are not repeated. 


Join of Sequences - If (a, b, c, d) and (a, d, e, f) are two sequences, then their 
join sequence is (a, b, c, d, a, d, e, f). In mathematical terms, if A = (a,,,) and 


B = (b,) are two finite sequences, then define 


ad. tor =1,2..47 
GQ = (1) 
b;-m fort =m+1,m42,...,m+n 


then, C' = (c;) is called the join of A and B. Symbolically, we write C = 
AUB. Note that AUB4BUA. 


Truncated Sequence - Suppose ‘and n are positive integers such that k < n 
and (a1, @g,...... Gn) is a sequence. The sequence (a, + 1, a, + 2,...... An) 
formed by removing the first k-elements is called the left k-truncated se- 


quence of (a1, d2,...... ay) . Let us denote it by T),(a1, a2, ...... An). 


Example: (A, N, I, N, I), (N, I, N,1), (1, N, 1), (N, D, (Dare the left 1-, 2-, 


3-, 4-, 5- truncated sequences of ( P, A, N, I, N, I ) respectively. 


The Cartesian Product: Let X and Y be any sets. The Cartesian Product 
X and Y is defined to be the set of all pairs (x, y) where x € X and ye Y. 


Symbolically, the Cartesian Product is written as 


XxY={(a,b):c2EX and ye Y}. 


The readers are advised to consult any basic book of algebra for the unex- 


plained notation in this article. 


In the next sections, we demonstrate how Panini introduced the same concepts 


in ashTAdhyAyI in his own fashion. 


2.1 Aphorisms of Shiva 


The fourteen mAheswaras UtraNi (also known as Shiva aphorisms) stated by 


Panini and elucidated by Patanjali (before 300 BC) [5] are 


ABW, , RSH , VAS , WIL, SIRE , AVL, TASUPAL , SASL, TST, 
WITS , UHBSMACAT , HUY, AVAL , aL. 


To explain these aphorisms and to provide a method to build new aphorisms 


(called UcdTetxt:)), Panini provided some rules. 


S1. éei-<4*{ (1.3.3) — The last consonant letter in each Shiva aphorism is called 
an indicatory letter(gq). By indicatory, it means that it should be dropped 


when we consider the aphorism. (The letters other than the indicatory letter 


are to be considered and the indicatory letter should be ignored). 


S2. afer Weal (1.1.71) — In the above arrangement of fourteen Shiva 
aphorisms, any combination of two letters (maintaining the order of the letters) 
with the second letter being a indicatory letter is also an aphorism representing 


all the significant letters between the first letter and the indicatory letter. 


P1. By SI, we know that], @,$,4,2,4,5,0,%,9,49,4% 


are indicatory letters. These letters are used for naming the aphorism only. 


For example, Ggsul means only three letters A, g, S and WT should be 


ignored. 


P2. As the last consonant is indicatory, each Shiva aphorism leads to a se- 


quence of letters. 


(31, 3, 3), (&, 3), (% 31), (V3), (TTX), (a), (4,4, S, T, 4), 
(3, 4), (9, &, F), (F, 3, 7, S, 4), (GB, H, B, 5, 4, 4,, 7), (@, J), 


(a, 5, a), (8). 


The usage of the Shiva aphorisms in ashTAdhyAyI clearly indicates that the 
order of letters in the aphorisms is important and hence they form sequences. 


We call them Shiva sequences. 


P3. S2 suggests a scheme for naming the Shiva aphorisms using the first and 
the last letters. Per that scheme, the names of the Shiva aphorisms (and there 


by the names of corresponding Shiva sequences) are given by 


WY, BH, VE, VL, FL, AL, HL, HL, TL, HY, GL, HY, IM, FF . 


Note: From now on, we use aphorism and sequence interchangeably. 
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P4. The Shiva sequences themselves form a sequence of sequences because 
the Shiva sequences have an order and the order cannot be changed. Let us 


call the sequence of the Shiva sequences SS where 


SS = ( (3, 8, 3), (%, 3), (%, a), (V3), (3 T®), (A), (4,4, %, 
wT, 4), (H, 4), (8, S, 4), (F, J, 7, S, &), (GS, H, B, 5, 4, 4,, oa), 


(®, 4), (2, 5, 4), (8) ). 


2.1.1 Generating New Sequences 


PS. S2 provides us an algorithm to build new sequences in the following ways: 


¢ Truncating a Shiva sequence. 
¢ Joiming two or more Shiva sequences. 
e Joming a truncated sequence with two or more Shiva sequences. 
P6. Take any Shiva sequence of length m. For each, k < m, we can assign a 


name to its k-left truncated sequence using the naming convention established 


by 82. 


For example, the 1-left truncated sequence of SU starts with § and ends with 


the indicatory letter Ul. So, we call it SUI. 


There is a well-known method to build new sequences [1], [5] and we present 


it here like an algorithm. 


Step 1 Start with any significant letter x in any of the Shiva sequences. Sup- 
pose x is in k-th position and the indicatory letter of the sequence is 


S. 


Step 2 Consider the / — 1-truncated sequence of the Shiva sequence starting 
from x. If k = 1, it is a non-truncated sequence. Its name will be xs. 
If this is the sequence of your interest, stop at this step. Else, proceed 


to the next step. 


Step 3 Take the join of the & — 1-truncated sequence (from Step 2) and its 


immediate Shiva sequences following the order in SS as per your need. 


Step 4 Suppose that the indicatory letter of the last Shiva sequence of the join 
(done in Step 3) is ¢. Then, the new sequence (formed by the join) will 


have the name zt. 


Note that in Step 3, we are allowed to take joins with only immediate next 


Shiva sequence. SS being a sequence plays a crucial role in this step. 


2.2 Examples of Derived Aphorisms: 


1. WL BH = AH = (3, J, BV, 35, 3). Start with AV in Step 1, choose 
k; = 1 in Step 2, go with *s@ in Step 3. Using Step 4, the new sequence 


is AQ. 


2. UA =a = (8, J, G, %, A). Start with 8 in Step 1, choose 
k; = 1 in Step 2, go with cin Step 3. Using Step 4, the new sequence 
is BU, 


3. T, lL =T, CCUM) == (3,9,%, a4). 
4. 3% = the join of the first four Shiva aphorisms. 
5. 8c = the join of the fifth to fourteenth Shiva aphorisms. 


6. Hcl = the join of all fourteen Shiva aphorisms. 
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Panini considered only 43 such new sequences in his ashTAdhyAyl. 
Let us conclude this section with the following observation. 


Observation 1: The modern day mathematical notions like algebraic se- 
quence and a sequence of algebraic sequences were established by Panini. 
He also introduced the unary and binary operations (truncation and join), 
and a method of generating sequences from a sequence of basic sequences. 
Panini was centuries ahead in establishing these concepts and operators that 


are known in the mathematical world now. 


3 Mathematical Background - Setoids and Equiv- 


alence Classes 


Let A be a set. Suppose that there is a property that can relate two elements 
of A. This property does not need to relate every element with the other. If 
a,b € A are related by the property, we say that a related to b and represent 
it symbolically by a ~ b. For example, A can be taken as all the cars in a city 
and the color of the car can be taken as property. Suppose we say that two 
cars are related if they have the same color. The all red cars are related to each 
other. A red car and blue car are not related. The property ”color” establishes 


the relation. We can state this concept formally as follows: 


A relation ~ is said to be an equivalence relation if and only if, for any 


a,b,c € A, the following are true: 


1. a~ a (Reflexivity) 


2. a~ bimplies b ~ a (Symmetry). 


3. a~ band b ~ c imply that a ~ c (Transitivity). 


The pair (A, ~) is called a setoid if ~ is an equivalence relation. (In the above 


example, “having the same color” is a equivalence relation) 


For every a € A, we define the equivalence class of a with respect to the 


relation ~, denoted by [a], as 


[a] = {x € Ala ~ zc}. 


If (A, ~) is a setoid then A can be decomposed into a disjoint union of equiv- 
alent classes of ~. The set of all equivalence classes is denoted by [A] where 


the relation is understood. 


Remarks: Whenever a ~ b then [a] = [b]. Also, if a is not related to b 
their equivalent classes are different. Conceptually, if a is related to b under 
an equivalence relation, then a and b can be treated as the same with respect 


to the relation. 


In the above example, the cars of the same color form an equivalence class. 
The number of equivalence classes is the same as the number of various colors 
of the cars. Even if some cars are removed from the city, the number of 


equivalence classes remain the same as long as cars of all colors exist. 
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4 Panini’s Setoids of Vowels 


From now on, we will restrict our study to vowels only. First, let us list out the 


sequences for later use. 


Name Sequence Set 

HP (SH, 3, 3, 3, 3) {3,%, 5, 5,3) 

Ecd (3, 3, 8, @) {3, 3, %, 3} 

Net (¥, ait, 8, ait) { ¥, at, &, ait} 

HA | (H, 8,9, %, 5,8, 9,2, Ht) | (3,3,5,%, 5,5 a % a 


4.1 Length and Tonal Variations of Vowels 


Panini introduced additional vowels on the basis of their length and tonal vari- 


ations. For more information on tonal variations, consult [1]. 


S3. HoHic SusRactetefa: (1-2-27) - A vowel whose length is equal to that 
of 3 or % or HB is called a short (@¥4) or long tet ) or prolate (ef) vowel 


respectively. 


The time taken for pronouncing a vowel is measured in blinks or snaps. For 
example, one uses one blink to pronounce %, two blinks to pronounce & and 
three blinks to pronounce %3. The number of blinks required to pronounce 


a vowel is called the length of the vowel. 
Applying S3 for all vowels, we get a set of 23 vowels with all possible lengths. 


We call the set Sq * and write it as 


FT * = {H, AH, A3, ¥, $, 33, F, H, 33, H, R, HB, G, B, GB, V, VB, 
BH, 313, ¥, V3, it, 3it3}. 
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Panini defined the following rules describing the tonal variations of vowels: 


S4, Sedward: (1-2-29) -A letter of 317 * is perceived as having a high tone 


(acutely accented) is called ScTt:. 


S5. AreRogerd: (1-2-30) - A letter of 317 * is perceived as having a low tone 
(gravely accented) is called S4o:. 


S6. ATER: Fafa: (1-2-31) - A letter of 34 * that has the combination 
of Sch: and Sah: (high and low tones) is called ¥4 Xai. (circumflexly 


accented). 


P7. For any v € Sq *, let us denote the CaRd:, Bard, and Adit: of v by 
vU, U, U respectively. With this notation, we can write the set of all 69 vowels 
with different tones and lengths as 3f7q ** =) .{v,v,u}. (Here the union is 


taken over all v € Sq *), 


Examples: The set of the length and tonal variations of ”S1,” is {S, a , a, 


SM, Al, A, ABZ, A3, AB }. For ,”, it is { v, V, V, VW, V3, V3}. 


Each one of the above 69 vowels of Sf ** has two more variations called 


oie : (nasal) and ori : (non-nasal). We will restrict our attention 


to non-nasal only. 


4.2 An Equivalence Relation on 31q* and siq** 


In Sanskrit, the sounds of letters are produced from the throat, inner jaws, 
the roof of palate, teeth, and lips, etc. These places are called the origins 
of pronunciation or simply origins. Moreover, to pronounce a letter, some 


effort is needed [1]. In other words, when a letter is uttered, it is a cumulative 
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effect of the effort and the origin of pronunciation. 


It is observed that a vowel and its variations have the same the effort and the 
origin of pronunciation. Panini captured this homogeneity of pronunciation 


as property in the following rule. 


S7. Jeu Fav (1-1-9) - If any two letters require the same origin 


of pronunciation and effort to pronounce them, then one is said to be Aa 


(homogeneous) to the other. 


Example: To pronounce 3 and HT, the required origins and efforts are the 
same. Therefore, 31 is homogeneous to all its variations. Clearly, ST is not 


homogeneous to § because the origins of pronunciations are different. 
The “homogeneous” property is a relation on Sq * and Sq **. 


It is easy to verify that ">homogeneous” relation (or homogeneity) is reflexive, 


symmetric and transitive. 


P8. The “homogeneity” is an equivalence relation on 3tq** and 3q*. Let 
us denote the homogeneous relation by a symbol ~. We can conclude that 


(Aq**, ~) and (317*, ~) are setoids. 


Note: The number of elements in (S14**, ~) and (3tq*, ~) are the same. 


4.3 Equivalence Classes of Homogeneity Relation 


To identify the equivalence classes, we need to inspect the origin and effort 
to pronounce vowels. First, let us list out the origins of pronunciation of the 


elements of 3tq** below. 
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Letters Origin 
a, Ht, F, A, a, 3, 33, 33, 313 Throat 
3, 3,5, $, 3, $, 33, 33, 33 Inner Jaw 
3B, 3, 35, 3%, 3, 3, 33, 333, 353 | Head/Roof of the Mouth 
@, 3, 9, %, 3, %, 33, 33, 33 Teeth 
Z, 3,3, H, H, G, 33, 33, 33 Lips 


U, ¥, ¥, U3, 83, 3, 
¥, & 8, 23, U3, %8 


Throat and Inner Jaw 


BY, ait, 3, 33,3113, 313, 
ait, ait, ait, 3it3, 3it3, its 


Throat and Lips 


Remark 1: Each row of the left hand side column has its own origin of pro- 


nunciation. So, there is no homogeneity between the elements of one row and 


the other row. 


Remark 2: Due the effort differences, ¥ and ¥ are not homogeneous to each 


other and 31 and 3if are not homogeneous to each other. 


With the help of above remarks, we can write down the set of all the equiva- 


lence classes of 3t4** with respect ~. 


[srq**] = {[], [8]. [8]. Fs]. Cel. [8]. [34], (8). [3] 5 


3, 3,3, G, H, G, 33, 33, 33}, 


[s] = {%, &, &, %, &, B, 83, 83, 33}, 
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[y] = {8 & & 3, 8, 33}, 

[55] = (RB, , 3B, %, HK, HK, B3, B38, 3}, 
[ait] = (ait, aif, aft, a3, 373, ai¥3), 

[8] = 8, 8 8, 83, 83, 83}, 

[sit] = {ait, aif, ait, sits, 3if3, its}. 


Similarly, the equivalence classes of 34* with respect ~ are given by 


[sr] = { [a]. [8]. [S]. [s). el. [8]. Lon), (8). [8] } 


where 

[at] = {31, ST, 33}, 
[s] = {3, $, $3}, 
[3] = (3, &, 33}, 
[>5] = (5, %, 753}, 
[3] = (©, &, 3 }, 
[v] = {%, 93}, 

[sit] = (aH, 3i3}, 
[8] = (8, %3), 

[sit] = (it, 3iT3}. 


We conclude this section by stating the following important observations. 


Observation 2: Panini identified a phonetic relation that can be utilized to 
split the set of all vowels and its variations into 9 disjoint sets of vowels. In 
each set, the vowels are homogeneous to each other. This kind of classification 
is exactly parallel to the modern-day concept of dividing a set into disjoint 


equivalence classes based on an equivalence relation. 


Commentators of ashTAdhyAylI stated a very important fact about the 3q—- 
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Ul: rules. 


Observation 3: When Panini stated the first four Shiva aphorisms, he meant 
the equivalence classes of the vowels, not just vowels. This means, SU, BP, 
We, Ware in fact ([s1], [8], [S]), (Fs), [e]), (Ls). [sn]), (18). [tt)) 


as sequences. 


In the next section, we choose the equivalence class with length variations 
only and study how Panini used some specific equivalence classes to describe 


achsandhi. 


P9. In the rest of the article, we consider the equivalence classes with length 


variations only. We list out a few sets of equivalence classes for future use. 


1. [srq*] = {[3], [8], [8], [6], Fe], [8], [ov], [8]. [st]}. 
2. [se*] = { [3], [8], [8], [s]}. 

3. [ge*] = {[], [S], Fs], [&]}- 

4. [wat] = {[8], [ai], [8]. [st]. 


5. We consider the complements of equivalence classes in our study, We 
list them too. 
[s]° in [srq*] = { [si], [8], [Fs], [8], [8]. [or], [8], [97] } 
[‘3]° in [sra*] = { [si], [8], [>], [Ss], [8], [st], [8], [st] } 
[>5]° in [srq*] = { [1], [8], [], [@], [8], [st], [8], [37] } 
[s]° in [s7a*] = { [Sy], [8], [8], [), [8], [or], [8], [st] }. 


5 3q-Ule:(achsandhi) Rules - Panini’s Substi- 


tution Mappings 


Panini formally defined the closest proximity of any two letters. When two 
vowels are in the closest proximity, the vowels undergo changes to form a 


conjugate. The rules that describe these changes are called 34—-UI&: rules. 


S8. Teafroseafear (1-4-109) - Extreme closeness between two letters is 
called Afeat (closest proximity). 


“l-&:(sandhi) operation is possible when there is Afeat (closest proximity) 


between two letters. We use “+” to represent the sandhi operation. 


For example, consider gett + SUR:. There is Ufa (closest proximity) 
between 3 in &f and 3 , UlFa: happens to s and 3. The sUtra Hl guia 


(6-1-77) will decide the resultant conjugate. 


We can expect 529 sandhi-conjugates (formed by 23 vowels of [srq* | with 
themselves) specified in the achsandhi rules. Indeed, Panini covers all 529 


conjugate descriptions only in 5 rules by using the 9 equivalence classes of 


[sra*]. 


The purpose of this section is 
1. to find substitution mappings that describe achsandhi rules for vowels. 
2. to demonstrate the extensive use of equivalence classes in formulating 


achsandhi rules. 
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5.1. Mathematical Background for 3fq-Gid: 


Complement of a Set - Let / be a subset of a set U. We define the com- 
plement of // in U as the set of all elements in U but not in /. This set is 


denoted by M°. 


Let S and T be two sets. By a mapping from S to 7’, we mean an assignment 
process ~ in which for every s € S we assign a unique t € 7’. We write this 


process symbolically as 7 : S — T and the assignment as 7)(s) = t. 


We consider the following sets and notation in the rest of the article: A = 
{a1, a2, 43, ai spin} and C = {c1, C2, C3, ae Gat are finite sets. X isa 
finite set and ~ is an equivalent relation on X. [X] = {[x1], [v2],.-- [2m] } 
is the set of equivalence classes. For every x € X, there exist an [x;| € [X] 


such that [a] = [a;]. 


Given any two vowels u and v, suppose an y-alra: declares that u-++v = w 
where w is a letter. This 37{-Ufe: expression u + v = w can be understood 
as a mapping that assigns (u,v) to w. We call it ’substitution mapping”. 
For example, 31 + 31 = Sas per achsandhi rule. The same expression can be 


written as the substitution mapping (SI, 31) > ST. 
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5.2 goresratea: (yaNAdeSasandhi) — A Family of Constant 


Mappings on the Complement Domains 
5.2.1 Mathematical Mappings for TOTS fee: 
Suppose there exists a constant mappings w/(({x;]) : [w]° - c; for alli = 
ee pemewara ti 


The assignment w : [x;| — w([zx;]) is called a family of constant mappings 


on the complement domains indexed by the set [X]. 


Each w([x;]) induces a bigger family of maps w(x) : {x]° + C defined by 
w(x)(v) = w([x])(v) for x € X and v € []°. (@ is well-defined because if 


x = y then [x] = [y]). We may view this @(x)(v) as W(x, v). 


5.2.2 goresrtea: 


S9. sHl aorta (6-1-77) - The consonants of UL= { Y, J, Y, GH } are the 


N 


substitutes of corresponding vowels in $P when followed by a vowel that is 


not homogeneous to them. 


Let us set X =3h, C =U = {Y, Y, X, cL} and build the above mathematical 


mappings. 
w, the family of constant mappings on the complement domains indexed by 
the elements of [3@* | into 4 can be written as 

1. w([g]): [8] > a; 

2. w([8]): [S]° > F, 
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3. w([)): [PR]? > &, 


4. w(l@)): [@]° > et. 
The induced mappings at each individual vowel level are: 


1. &(v,w) 9+ w for v € [8] and w € [3]° 
2. &(v,w) 94 + w for v € [3] and w € [8]*, 
3. &(v,w) St w for v € [AB] and w € [35]*% 
4. &(v,w) 9A +w for v € [S| and w € [a]°. 
These are the substitution mappings for the <qOTe gaa” (ref. S9). To un- 


derstand in more detail, let us expand up on the first mapping. It says that if $ 


or § or 33 is in closest proximity to any vowel of [s]° then v will be replaced 


by. 


5.3 wauicharea: (savarNa-dIrghasandhi) — A Mapping on 


the Diagonal 
5.3.1 Mathematical Mappings for Wace: 


The set defined by 


D = {((xiJ, [e1]), ([22]; [w2]),---5 [2m], [@m]) } © [X] x [X] 


is called the diagonal of [X}. 


The mapping o : D > C defined by o(([x;], [w;])) = ¢; for i = 1,2,...,m 


is called a mapping on the diagonal of |X|]. 
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Now, define a set Di = {(t,s) : t,s € [x;])} for each i. 


o induces mappings o’ : Di + C given by &(t, s) = c; where (t, s) € D’. 


5.3.2 wavidhrara: 


S10. seeaaut dhe: (6-1-99) — When a vowel in A is followed by a vowel 
that is homogeneous to it, the corresponding long vowel is the single substitute 


for both the precedent and the subsequent vowels. 


Let us set X = 3H*, C= {H1, S. ih, % }. and build the above mathematical 


mappings. Then, D = { ({31], [31]), ([8], [8]), ([8]. [8]), (8), [8])}. 
and the diagonal mapping o : D > {ST, $, H, * } defined by 


o((H], [3]) +a; os], [S) > § 
o((8], [B)P2 8; o(fFR], [R) > % 


induces the four mappings 
o'(u,v) — ST for any v, w € [31] 
o?(u,v) + $ for any v, w € [8], 
o7(u,v) > & for any v,w € [3] 


o*(u,v) > ® for any v,w € [>]. 


These induced mappings 0° give the substitution mappings for the (Haury — 
URafra:)” (ref. S10). Grammarians declared that [35]=[6] [1], [5]. 
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5.4 JUM+e:(guNasandhi) — An Action Mapping 
5.4.1 Mathematical Mappings for Toate: 


Consider the mapping y : A x [X] — C defined by y(a)([x;]) = c; for all 


i=1,2,...,manda € A. It is called action of A on [X] onto C. 


This action induces 7 : A x X — C defined by (a, w) = y(a)({w]) for any 
a € Aand w € X. Recall that for any w € X, there exists an |;| such that 


fw] = [xa 


5.4.2 quate: 


S11. STgJU: (6-1-87) - The guNa is the single substitute of the final Sf or ST 


of a preceding word and the simple vowel of the succeeding. 
By definition, the guNa substitute set contains {¥, at aS, sey} [1]. 


Let us set X =8H*, A= {H, ST}, C= {¥, 3, AR, Se} and build the above 


mathematical mappings. 


The action map y: {[31]} x [g@*] > {¥, 31, SX, Hef} is defined by 


ya [s)) =. 7 (a, [S]) = {31}, 
ya, [))={(R}, ya, [B)) = (Se 


for any a € {S1, ST}. The induced maps are given by 


F(a,e) 3¥ for any a € {H, ST}, ande € [gs]. 


F(a,u) > ay for any a € {H, ST}, and u € [3] 
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F(a,r) > FR for any a € {31, 3}, and u € [55] 


4(a,l) > HA for any a € {H, AT}, and u € [3] 


provide the substitution mappings for "JONMTI+e:” (ref. S11). 


5.5 qiea [-€]:(vRiddhisandhi)— An Action Mapping 


The mathematical mapping used for JOM: works for J SUF: also. 


5.5.1 glee: 


$12. J Exfe (6-1-88) - The vRiddhi is the single substitute of Sf or ST of a 


preceding word and in the initial diphthong the succeeding vowel. 
By definition, the vRiddhi substitute set contains {v, ait SLE 


Let us set X = Uq*, A = {31, 31}, C = {¥, St } and build the above mathe- 


matical mappings. 


The action map p: {31, 311} x [Wq*] > {¥, 3iT} is defined by 


pa, [Z]}) = {8}, p (a, [@]) = {8}, 
p(a, [31] = {sit} p (a, [Sit] = {ait} 


for any a € {3, ST}. The induced maps given by 


p(a,e) > {9} for any a € [31] and e € [8]. 
p(a,e) > {8} for any a € [31] and e € [@], 
D(a, 0) > {3it} for any a € [3] and o € [3], 
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Ala, u) > {3} for any a € [31] and u € [it] 


provide the substitution mappings for J etre” (ref. $12). 


5.6 Urddedegrea: (yAntAvAntAdeSasandhi) — An Action 


by Constant Mappings 
5.6.1 Mathematical Mappings for Ul-ddI-d Corea: 


Let V, W be two sets and ~ is an equivalence relation on both of them. Let 
U be another set such that [V] and U have the same number of elements. 
Suppose that for every [v| € [V], there exists a constant mapping 

n(lu]) : W > ufor u € U. We call the assignment 7 : v > n(/v]), an action 


by constant mappings on W (indexed by the set [V]) into U. 


7 induces a mapping 77: V x W — U given by 7(v, w) = n([v])(w). 


5.6.2 Urdaraesrra: 


$13. Valsaarara: (6-1-78) - When a vowel from 317 follows VY, then {S, 


SY, Bq, ST{} must be substituted in place of Vz respectively : 


Let us set V = Vq*, W = 314", U = (9, AR, 3d, 3g } and build the 


above mathematical mappings. 


The action by constant mappings 77: [va*]] x Fy* > {HY, AY, Ad, Aq} 
defined by 


n((X], v) = SRL + v, n([X], v) = SIE + v, 
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n([3t], v) = AL + v, n([ ait], v) = sg +V 


for any v € A4*. Then, the induced mappings given by 


nla, V) + AY+ v for any a € [YU], 
Hb, v) > SR + v for any b €[X], 
nlc, vy) + AL+v for any c €[31], 
n(d, v) > SIL +v for any d €[3it] 


for any v € 31q*, 7) provides the substitution mappings for "Ul-ddI-d eon 
f@:” described in S13. 


5.7 Summary 


We present all the above sandhi maps in a nutshell below in a matrix of the 


equivalence classes with substitute mappings as entries. 


[a] ) [3] | [3] Bs) | fel) Ee} (8) | fs) } [st] 
[a] | o ny p 
[fs] |w lo Ww 


[s]] w@ oe " 


SS 
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In order to simplify the above matrix, let us drop the prolate vowels in the 
summary as they are not very frequent in the language. We can draw a matrix 


with vowel entries as follows: 


alarj}s/s/ S/H] Bl Rl) Sl] T] Vy ar) att 
a : 3 7 
0 - p 
a 
Slo |e és 
8 
g 
UW oe Ud) 
DH 
ry 
a Ww oo ey 
io) 
. 
g Z 
ay 7) 
ait 


It is clear from the table that Panini defines a well-defined sandhz operation 


as a map 


OG" x HP {S, %, G, *, Y @ A, A, ZLVUAIKN, 3A, Hd, A, 
STE } 


by combining various mappings as shown in the above table. This mapping ® 


provides the substitution rules for Sq —-UIre:. 
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6 Conclusion 


Panini’s method followed the following steps. 


Step 1 - He reduced the problem of describing 23 X 23 matrix into describing 
9X9 matrix. 

Step 2 - He decomposed the 9X9 matrix into 13 sub-matrices, that can de- 
scribed by five substitution mappings. 

Step 3 - He defined five rules describing the five substitution mappings. 

Step 4 - His substitution mappings are defined on the equivalence classes and 
then lifted to the total set of vowels 

Step 5 - He finally defined an action of a set on itself (® in the current case) 


by properly weaving mappings and actions on sets. 


Observation 4: Utilizing the equivalence classes of homogeneity combined 
with the derived sequences ingeniously, Panini could describe the 81 combi- 


nations in just five rules. 


Observation 5: Panini’s scheme of designing achsandhi rules establishing 
the required artifacts and logically chaining them to get the final results is not 
just a coincidence or chance. All the above procedural steps demonstrate his 
“economy of expression” and logical thinking that matches with current-day 


mathematical thinking and algorithmic approach. 


It is easy to state rules of other sandhi-s (such as halsandhi) in a similar way 


by building relevant mathematical structures. 


Panini came up with a plethora of ideas to organize the known grammatical 
forms of his day systematically. Like a mathematician who models a known 


phenomenon in mathematical language, Panini created a metalanguage and it 


pa 


is very close to the modern-day ideas of algebra. He had, though not in the 
modern terms, a logical understanding of concepts like order sets, sequences, 
equivalence relations and their equivalence classes, compliments of sets, set 


relations, the action of a set on another set by well-defined mappings, etc. 


For Panini, “Order” is the most important instrument in organizing his material 
in ashTAdhyAyI to obtain precision and accuracy. He arranged his 3981 rules 
in such a way that the order dictates the ‘information chaining’. For example, 
to get the complete meaning of a rule, often the readers need to borrow some 
words from the previous rules. This practice is called CECI (Ellipsis). This 
clearly shows the set of rules in ashTAdhyAyl is a sequence with no element 


repeated. 


There are many ingenious ways in which the grammatical information was 
presented through various structures in ashTAdhyAyl. No wonder, Patanjali 


rightly describes Panini as a person of infinite wisdom (SCuate). 


The purpose of this article is to expose a few logical ideas of Panini and 
expose their parallels developed in the later years in modern mathematics. 
We launched a systematic study to elucidate the Paninian structures in mod- 
ern terms through a series of articles. For example, in a separate article, we 
present the mathematical structures parallel to Panini’s methods to build San- 
skrit vocabulary from basic words such as the roots of nouns and adjectives, 


etc. and generate declensions [6]. 
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